Preliminaries
To begin we must establish notation and recall some ideas concerning the representation theory for Heisenberg groups over finite fields. For a finite set S, the symbol C[S] will denote the set of all C-valued functions on S. This is a complex vector space of dimension |S| which carries a positive-definite hermitian inner product f, g S = 1 |S| x∈S f (x)g(x).
Heisenberg groups
Let F be a field of odd characteristic. The polarized Heisenberg group H n (F) is the set H n (F) = F n × F n × F with product (x, y, t)(x , y , t ) = x + x , y + y , t + t + 1 2 (x · y − y · x ) .
Inclusion of the factor 1/2 is motivated by the use of exponential coordinates in connection with the real Heisenberg group H n (R). (See [Fol89] .) Some authors omit this factor but the resulting group is isomorphic with that defined here via the mapping (x, y, t) → (x, y, 2t).
An alternate notation is useful in connection with certain examples and constructions. We write
so that H n (F) = W × F and Equation (1) becomes (z, t)(z , t ) = (z + z , t + t + 2
where [z, z ] denotes the usual symplectic form on W, namely
More generally, for any finite dimensional symplectic vector space (W, [·, ·]) over F we let H W = W × F with product given by (2). (4)
Unitary dual of H n (F q )
Throughout this paper we take
the finite field with q elements where q = p m for some odd prime p. The field F is an extension of its prime field Z p = Z/(pZ). The characters on F are F = {ψ a : a ∈ F} where ψ a (t) = exp 2πi p Tr F/Z p (at) (See Chapter 2 in [LN] .) The basic identity t∈F ψ a (t) = q if a = 0 0 if a = 0 = qδ a,0 .
shows that the characters are pair-wise orthogonal unit vectors in C [F] . The mappings
for a, b ∈ F n give q 2n distinct 1-dimensional representations of H n (F). One can verify, moreover, that for λ ∈ F × , the formula
defines a unitary representation (analogous to the Schrödinger model in the real case) of H n (F) in the the inner product space
in view of orthogonality for the characters of F. It follows that the representations {π λ : λ ∈ F × } are inequivalent and irreducible. Summing the squares of the dimensions for the representations (7) and (8) gives
Thus (7) and (8) exhaust the unitary dual of H n (F):
On the center of
. So the q n -dimensional irreducible representations are determined by their central characters. This proves:
Then β is unitarily equivalent to the Schrödinger representation π λ defined by Equation 8.
Oscillator representation
The symplectic group for
acts by automorphisms on H n (F) via g · (z, t) = (gz, t).
is an irreducible representation with central character ψ λ . The Stone-von Neumann Theorem ensures that π λ • g is unitarily equivalent to π λ . Thus there is a unitary operator
Schur's Lemma shows that (10) defines ω λ (g) up to a multiplicative scalar of modulus one. In the context of finite fields, there is a systematic choice of scalars for which
is a representation of the group Sp(n, F). In the literature, ω λ is variously called the oscillator, metaplectic, or Weil-Segal-Shale representation. It is known that Sp(n, F) coincides with its commutator subgroup provided n > 1 or q > 3. Thus (10) completely determines the representation ω λ , except when n = 1 and q = 3. (See [How] .) The contragredient representation π * λ for π λ has central character ψ −λ . Thus π * λ is unitarily equivalent to π −λ , by the Stone-von Neumann Theorem. Moreover the contragredient ω * λ of the oscillator representation satisfies
There are, in fact, just two distinct oscillator representations ω λ , up to unitary equivalence. Indeed
The oscillator representation can be rendered explicitly, at least on a set of generators for Sp(n, F). The formulas are given below in Theorem 1.3. Writing (2n) × (2n)-matrices in block form,
The group Sp(n, F) is generated by the subset
is given on the generators (12) for Sp(n, F) as follows.
•
where
Note that F λ f is a λ-weighted variant of the (n-dimensional) inverse discrete Fourier transform (DFT).
2 The group algebra C[H n (F q )] and Gelfand pairs
Let H denote the Heisenberg group H = H n (F) = W × F where, as before,
Twisted convolution on C[W]
Twisted convolution is well-known in connection with analysis on the real Heisenberg group H n (R). (See [Fol89] .) Here we require its discrete analog.
For fixed z ∈ W, f a (z) is the (one-dimensional) inverse discrete Fourier transform of t → f (z, t) evaluated at a. The Fourier inversion formula yields
In particular, a function f ∈ C[H] is completely determined by {f a : a ∈ F}.
and given a ∈ F we define the
A straightforward calculation using (13) and (6) yields the following.
Lemma 2.3 For f, g ∈ C[H] and a ∈ F one has
(f g) a = √ qf a a g a .
K-invariant functions on H and W
The symplectic group Sp(n, 
Definition 2.4 Given a subgroup K of Sp(n, F), we say that (K, H) is a Gelfand pair when C[H]
K is a commutative algebra under convolution.
Remark 2.5 One can identify C[H]
K with the algebra
Gelfand pair in the traditional sense when Definition 2.4 applies.
Proposition 2.6 Let K be a subgroup of Sp(n, F). Then (K, H) is a Gelfand pair if and only if hh ∈ (Kh )(Kh) for all h, h ∈ H.
Proof. This result is the discrete analog of Theorem 1.12 in [BJR90] . 
Two immediate but useful properties of Gelfand pairs are noted in the following lemma.
Lemma 2.8 Let K 1 and K 2 be a pair of subgroups of Sp(n, F) and suppose
3 Gelfand pairs and the oscillator representation
Operator valued Fourier transform on C[W]
For f ∈ C[W] and λ ∈ F × let π λ (f ) denote the operator
. Here π λ (z) = π λ (z, 0) and π λ is the Schrödinger representation (8).
The following standard result is easily verified.
A calculation using (8) shows
Thus
Oscillator representation
Recall that ω λ :
One checks that ω λ defines a unitary representation of Sp(n, F) on the Hermitian vector space (End(C[F n ], ·, · HS ). Moreover for k ∈ Sp(n, F) and
Proposition 3.4 π λ yields an algebra isomorphism of Proof. Suppose that ω λ | K is multiplicity free. So C[F n ] has a canonical decomposition into pair-wise inequivalent ω λ (K)-irreducible subspaces:
say. Schur's Lemma shows that each operator T ∈ C λ,K must preserve the P j 's and act by a scalar on each. Any two such operators commute with one another.
and equivalent. Thus C λ,K contains a copy of GL(2, F), and it fails to be commutative.
Definition 3.6 We say that a subgroup K of Sp(n, F) is ω-multiplicity free if the restriction ω λ | K of the oscillator representation to K is multiplicity free for all λ ∈ F × .
Together Propositions 2.7, 3.4 and 3.5 imply the following.
Theorem 3.7 Let K be a subgroup of Sp(n, F). Then (K, H) is a Gelfand pair if and only if K is ω-multiplicity free.
When applying Definition 3.6 it suffices to check that ω λ | K is multiplicity free for at most two values of λ.
Proposition 3.8 A subgroup K of Sp(n, F) is ω-multiplicity free if and only if ω 1 | K and ω ε | K are multiplicity free for any fixed choice of ε ∈ F
× which is not a square. Moreover when q ≡ 3 mod 4 it suffices that ω 1 | K be multiplicity free.
Proof. Proposition 1.2 implies that each oscillator representation ω λ is unitarily equivalent to one of ω 1 or ω ε . If -1 is not a square in F, equivalently when q ≡ 3 mod 4, we can take ε = −1. But ω −1 is contragredient to ω 1 by (11). So when ω 1 | K is multiplicity free so is ω −1 | K .
Remark 3.9 We do not know of an example where ω 1 | K is multiplicity free but K fails to be ω-multiplicity free.
Counting and convolving K-orbits in W Let ρ denote the natural (unitary) representation of Sp(n, F) on C[W]:
and ω λ : Sp(n, F) → U (End(C[F n ]) be as in (16). We have seen that ρ and ω λ are unitarily equivalent via q −3n/2 π λ , a multiple of the operator valued Fourier transform. There is another viewpoint on this equivalence. Consider the standard isomorphism
One checks easily that
• Φ is unitary. (As before End(C[F n ]) carries the Hilbert-Schmidt inner product and we give
* the tensor product of ·, · F n with its dual inner product.)
and the composite q 3n/2 π −1
This basic fact plays a central role in [How] .
Counting orbits
Now let K be a subgroup of Sp(n, F) and for λ ∈ F × decompose ω λ | K :
Also, applying (18):
We know that σ ⊗ (σ) * has a one-dimensional space of K-fixed vectors and that (σ ⊗ (σ ) 
Convolving orbits
The characteristic functions 
In view of Proposition 2.7, (K, H) will be a Gelfand pair if and only if δ Kz λ δ Kz (w) = δ Kz λ δ Kz (w) for all z, z , w ∈ W and all λ ∈ F × . It is enough to consider z = 0 = z since δ K0 = δ 0 is a two-sided identity in (C[W] , λ ). Moreover we can take w = 0 because, in any case,
. This discussion yields the following.
Lemma 4.3 (K, H) is a Gelfand pair if and only if
for all z, z , w ∈ W\{0} and λ ∈ F × .
Remark 4.4 By Proposition 3.8 it suffices to check the condition in Lemma 4.3 for at most two values of the parameter λ. 
Thus for these choices of z, z and w we have
As p is odd, these values are necessarily different. So (K, H) fails to be a Gelfand pair in view of Lemma 4.3.
Corollary 4.6 Let (K, H W ) be a Gelfand pair where K acts reductively but non-irreducibly on W. So W decomposes as a direct sum of K-invariant subspaces,
Corollary 4.7 Suppose we are given symplectic vector spaces
Then (K, H W ) is a Gelfand pair if and only if
Recall that a subspace X of the symplectic vector space W is said to be isotropic if [X , X ] = 0. 
Examples

Symplectic groups
A trivial application of Lemma 4.3 shows that (Sp(n, F), H n (F)) is a Gelfand pair. Indeed, for K = Sp(n, F) we have only one non-zero K-orbit. That is Kz = W\{0} for all z = 0 in W. Equation 20 now shows that the oscillator representation ω λ must decompose into exactly two inequivalent irreducible constituents. This fact is well known. (See [How] , [Neu02] .) The ω λ (Sp(n, F))-irreducible subspaces of C[F n ] can be identified as follows. The matrix −I belongs to the center of Sp(n, F) and the first formula from Theorem 1.3 shows that ω λ (−I) = sgn((−1) n )T where
So the eigenspaces for T must be ω λ (Sp(n, F))-invariant. These are the spaces of even and odd functions. As ω λ has exactly two irreducible components these spaces are necessarily irreducible.
To obtain more interesting examples we must consider smaller subgroups of Sp(n, F).
General linear groups
The group GL(n, F) embeds diagonally in Sp(n,
So (GL(n, F), H n (F)) is not a Gelfand pair, in view of Corollary 4.8. More
{(x, y) : x = 0 = y, x · y = 0} and {(x, y) :
is not a Gelfand pair. This shows that, for K non-abelian, there can be no converse for Proposition 4.1.
Borel subgroups
A subgroup of Sp(n, F) conjugate to Bv j where u j = (e j , 0), v j = (0, e j ) and {e j } is the standard basis for F n . Suppose that z ∈ Bu i and w ∈ Bu j . One has z ± w ∈ Bu min(i,j) , and hence z + w = k(z − w) for some k ∈ B. Let k = −k and note that k ∈ B,
So (z, s)(w, t) ∈ (B(w, t))(B(z, s)).
Similar calculations apply for other combinations of orbits.
One can also give an explicit description of the algebra (C[W] B , λ ) by determining the twisted convolution of pairs of characteristic functions for B-orbits in W. We adopt the notation
Brute force calculation yields the following.
B , λ ) is commutative, as guaranteed by Proposition 5.1.
Unitary groups
Let F denote a quadratic extension of the field F = F q . Up to isomorphism F is a copy of F q 2 . More concretely we choose any non-square
in F and take
The Galois involution F → F will be written as z → z. One has z = z q and as it is well known that N is surjective. Proposition 4.2 now implies that (U ( F), H 1 (F)) is a Gelfand pair as desired.
Remark 5.4 As U ( F) is the kernel of the epimorphism N : F × → F × , it is cyclic of order q + 1.
Our final result asserts that the Gelfand pair in Proposition 5.3 is minimal. The analogous theorem for real Heisenberg groups H n (R) is due to Leptin [Lep85] . Proof. We can take W j = F and W = F n with the usual hermitian inner product. Now the torus
coincides with a T -orbit in W. Namely one has T · z • = T for z • = (1, 1, . . . , 1) .
Let K denote a proper subgroup of T . The T -orbit T ·z • is a disjoint union of |T /K| orbits for the subgroup K. These correspond to the cosets of K in T . As (T, H W ) is a Gelfand pair we have |W/T | = q n and |W/K| ≥ q n − 1 + |T /K| > q n .
So (K, H W ) fails to be a Gelfand pair by Proposition 4.2.
